Abstract. A macroscopic theory for capillarity in porous media is presented challenging the established view that capillary pressure and relative permeability are constitutive parameter functions. The capillary pressure function in the present theory is not an input parameter but an outcome. The theoretical approach is based on introducing the residual saturations explicitly as state variables (as in Phys.Rev.E 58, 2090 (1998 ). Capillary pressure and relative permeability functions are predicted to exist for special cases. They exhibit hysteresis and process dependence as known from experiment.
Introduction and formulation of the problem
[1.1.1.1] A predictive macroscopic theory of two phase flow inside a rigid porous medium is of fundamental importance for many applied sciences such as hydrology, catalysis, petrophysics or filtration technology [22, 24, 5, 1, 18, 8, 13, 12] . [1.1.1.2] Despite being used in innumerable physics and engineering applications the accepted theory (see below) based on capillary pressure P c and relative permeability functions k r lacks a sound theoretical foundation, and its basic parameter functions P c and k r are difficult to measure in experiment [1, 21, 8] .
[1.1.2.1] Modern investigations often abandon the traditional theory and resort to microscopic models (e.g. network models) as an alternative to predict macroscopic immiscible displacement in porous media [7, 9, 6, 3, 2, 10] . [1.1.2.2] An important motivation for these alternative investigations are the unresolved problems with the traditional macroscopic theory based on capillary pressure and relative permeabilities and the necessity to relate these functions to pore scale parameters. [1.1.2.3] It is therefore adequate to remind the reader of the traditional theory, introduced more than 60 years ago [28, 23, 19] , and its problems. where i (x, t), φ i (x, t), v i (x, t) denote mass density, volume fraction and velocity of phase i = W, O as functions of position x ∈ S ⊂ R 3 and time t ∈ R + . [1.1.2.6] Exchange of mass between the two phases is described by mass transfer rates M i giving the amount of mass by which phase i changes per unit time and volume. [1.1.2.7] Momentum balance for the two fluids requires in addition (2) φ
where Σ i is the stress tensor in the ith phase, F i is the body force per unit volume acting on the ith phase, m i is the momentum transfer into phase i from all the other phases, and D i /Dt = ∂/∂t + v i · ∇ denotes the material derivative for phase i = W, O.
[1.2.1.1] Defining the saturations S i (x, t) as the volume fraction of pore space P filled with phase i one has the relation φ i = φS i where φ is the porosity of the sample. [ 
where the constants W , O are independent of x and t. [1.2.2.3] One assumes next that the stress tensor of the fluids is diagonal 
are given by gravity. [2.0.0.2] As long as there are no chemical reactions between the fluids the mass transfer rates vanish, so that
holds. [2.0.0.3] Momentum transfer between the fluids and the rigid matrix is governed by viscous drag in the form
where µ W , µ O are the constant fluid viscosities, k is the absolute permeability, and k 
while the momentum balance eqs. (2) [26] it was argued in Ref. [19] that the pressure difference between oil and water should in general depend only on saturation
where σ WO is the oil-water interfacial tension and κ(S W ) is the mean curvature of the oil-water interface. (3), (11) , (12) and (13) appropriately supplemented with initial and boundary conditions constitute the traditional theory of macroscopic capillarity in porous media. [2.1.1.3] In numerous engineering applications eqs.(3), (11) , (12) and (13) are solved by computer programs [12] .
[2.1.2.1] Serious problems limit the predictive power of equations (3), (11) , (12) and (13 (13) is also problematic because it seems to identify a pressure defined on the pore scale with a macroscopically averaged pressure.
[2.1.4.1] Most practitioners ignore these problems and continue to use the traditional set of equations. [2. 1.4.2] Many physicists on the other hand try to overcome these problems by resorting to microscopic model calculations in an attempt to predict macroscopic behaviour starting from the pore scale or below [7, 20] . [2. 1.4.3] My objective in this paper is to present a purely macroscopic approach in the same spirit as the traditional theory, but without requiring capillary pressure P c or relative permeabilities as input parameters. [2.1.
4.4]
The approach followed here is to modify the constitutive assumptions (4)-(10) based on the insight that the main effect of capillarity is the distinction between percolating and nonpercolating (trapped) fluid phases [14, 16, 15] . ad-hoc models for hysteresis loops based on rescaling the main loop formed by the bounding drainage and imbibition curves (see e.g. [27] and references therein).
[3.0.0.2] Again, such approaches differ fundamentally from the present one, because they are based on the traditional concepts of capillary pressure and relative peremeability, while the present approach challenges the basis of these concepts. [3.0.0.3] It will be seen below that the present theory requires fewer parameters than previous theories.
Percolating versus nonpercolating fluid regions
[3.0.1.1] The necessity to distinguish between percolating and nonpercolating fluid regions arises from the fact that in static equilibrium the pressure can become hydrostatic only in those fluid regions that are connected (or percolating) to the sample boundary [14, 16, 15] . 
where the subsets W i , O i are mutually disjoint, and each of them is pathconnected. The volume fractions of the subsets F i ⊂ S, i = 1, 2, 3, 4 and M ⊂ S are denoted as φ i (x, t). 
where φ i = φS i (i = 1, 2, 3, 4) are volume fractions, and S i are saturations. 
analogous to eq. (5a).
where the resistance coefficient R ij quantifies the viscous coupling between phase i and j. 
where R 12 = 0 and R 34 = 0 was used because there is no common interface and hence no direct viscous interaction between these phase pairs. In the present approach the body forces are given by gravity plus capillary forces
contrary to eqs. (8) . 
where the capillary potentials Π cW , Π cO are defined as
with constants Π * a , Π * b , Π a , Π b and exponents α, β > 0.
[4.0.2.1] Next the stress tensor for percolating phases can be specified in analogy with eq. (6) as
where P 1 and P 3 are the fluid pressures. [4.0.2.2] The stress tensor Σ 2 , Σ 4 for the nonpercolating phases cannot be specified in the same way because the forces cannot propagate in nonpercolating phases. [4.0.2.3] Here it is assumed that these stresses are given by the pressure in the surrounding percolating phase modified by the energy density stored in the common interface with the surrounding percolating phases. 
where σ WO is the oil-water interfacial tension, and the unknowns A 32 (x, t), A 41 (x, t) are the interfacial areas per unit volume of porous medium between phases 3 and 2, resp. 4 and 1. 
will be assumed below. The traditional momentum balance eqs. (12) can be integrated to give
Identification of capillary pressure
where x 0 is a point in the boundary. [5.0.2.5] Combined with the assumption (13) one finds
implying the existence of a unique hydrostatic saturation profile S W (x). 
If one identifies P 1 with P W and P 3 with P O then eqs.
(33a) and (33b) suggest to identify P c as P 3 − P 1 . While it is not possible to identify a unique P c (S W ) relation in hydrostatic equilibrium such a functional relation emerges nevertheless from the present theory when the system approaches hydrostatic equilibrium in the residual decoupling approximation. 
Momentum balance becomes in the RDA
where the abbreviations
were used. (34) and (35) together with eq.(16b) provide 17 equations for 12 variables (P 1 , P 3 , v 1 , v 3 and S i , i = 1, 2, 3, 4) . (34) and (35) can now be compared to the traditional equations (11)- (13) 
where barycentric velocities v W , v O defined through
have been introduced. 
where eq. (22) has also been employed. [6.0.0.2] This result can be compared to the traditional theory where one finds from eqs. (12) and (13) (40)
Again this seems to imply P c = P c (S W , S 2 , S 4 ) as already found above for hydrostatic equilibrium. [6.0. 0.3] However, within the RDA additional constraints follow from mass balance (34).
[6.0.1.1] First, observe that adding (34a) to (34b) resp. (34c) to (34d) with the help of eq. (38a) yields the traditional mass balance eqs. (11) . [6.0.1.2] Next, verify by insertion that eqs. (34b) and (34d) admit the solutions
where the displacement process is assumed to start from the initial conditions
at some initial instant t 0 . 
for imbibition processes (i.e. ∂S W /∂t > 0), resp.
for drainage processes (i.e. ∂S W /∂t < 0).
[6.1.1.1] With these solutions in hand the capillary pressure can be identified up to a constant as
where S 2 = S 2 (S W ) and S 4 = S 4 (S W ) are given by eqs. (41). [6.1.1.2] This result holds in the RDA combined with the assumptions above. [6.1.1.3] Furthermore, equations (37a) and (37c) are recognized as generalized Darcy laws with relative permeabilities identified as [7.0.1.1] If it is further assumed that the medium is isotropic and that the matrices R 1 , R 3 have the form the number of scanning curves can be increased indefinitely. [7.1.0.5] All of these curves have the same values of the constitutive parameters. [7.1.0.6] There is less than one parameter per curve. [7.1.0.7] The curves shown in the figures exhibit the full range of hysteretic phenomena known from experiment. [7.1.0.8] Nevertheless it should be kept in mind that these curves are obtained only under special approximations, and when these are not valid such curves do not exist.
Conclusion
[7.1.1.1] The present paper has shown that the experimental observations on hysteresis and process dependence of capillary pressure and relative permeabilities can be reproduced within a macroscopic phenomenological theory. [7.1.1.2] The approach is based on the distinction between percolating and nonpercolating fluid phases introduced in [14, 16, 15] . [7.1.1.3] Contrary to what was expected, the introduction of interfacial areas can be avoided at the expense of some rather drastic constitutive assumptions. [7.1.1.4] In spite of these assumptions the present theory is more general than the traditional theory because the [page 8 , §0] latter can be obtained as a special case. [8.0.0.1] In this special case capillary pressure and relative permeability functions can be identified, and are found to show similar hysteresis and process dependence as observed in experiment.
